κ xy = twist curvature. ξ 1 ,ξ 2 = lamination parameters for extensional stiffness (ξ 1 = ξ 1 A ,ξ 2 = ξ 2 A ) ξ 9 ,ξ 10 = lamination parameters for bending stiffness (ξ 9 = ξ 1 D , ξ 10 = ξ 2 D ) ζ,ζ ± ,ζ , ζ = bending stiffness parameter for laminate, and angle-ply and cross-ply sub-sequences +,−,± = angle plies, used in stacking sequence definition , = cross-plies, used in stacking sequence definition The coupling behavior, which is dependent on the form of the elements in each of the extensional (A), coupling (B) and bending (D) stiffness matrices is now described by an extended subscript notation, defined previously by the Engineering Sciences Data Unit, or ESDU 1 and subsequently augmented for the purposes of this article. Hence, balanced and symmetric stacking sequences, which generally possess bending anisotropy, give rise to coupling between out-of-plane bending and twisting and are referred to by the designation A S B 0 D F , signifying that the elements of the extensional stiffness matrix (A) are specially orthotropic in nature, i.e. uncoupled, since A 16 = A 26 = 0,
the bending-extension coupling matrix (B) is null, whilst all elements of the bending stiffness matrix (D) are finite, i.e. D ij ≠ 0.
Laminates possessing extensional anisotropy give rise to coupling between in-plane shear and extension only and, by the same rationale, are referred to by the designation A F B 0 D S , signifying that all elements of the extensional stiffness matrix (A) are finite, i.e. A ij ≠ 0, the bending-extension coupling matrix (B) is null, and the elements of the bending stiffness matrix (D) are specially orthotropic in nature, i.e. uncoupled, since
The A F B 0 D S designation is not listed as part of the ten laminate classifications described in the ESDU data item 1 , but is however the subject of a recent article 2 , identifying the definite list of A F B 0 D S stacking sequences with up to 21 plies, thus complementing a new definitive list 3 of Fully Orthotropic Laminates or FOLs. Note that the term for FOLs is synonymous with specially orthotropic laminates, which possess none of the coupling characteristics described above and are represented by the designation A S B 0 D S . This article presents the characterization of uncoupled Extensionally Isotropic Laminates or EILs, with the designation A I B 0 D S and Fully Isotropic Laminates or FILs, with the designation A I B 0 D I . These laminates represent sub-sets of FOLs and are therefore contained within the definitive list 3 , since in addition to the specially orthotropic form of each matrix, see Eq. (3), elements simplify further in EILs and the designation A S is replaced with A I to indicate that: A 11 = A 22 (5) and A 66 = (A 11 -A 12 )/2 (6) and further still in FILs, in which the designation D S is replaced with D I to indicate that:
permitted only in one half of the laminate, which is then reflected symmetrically about the laminate mid-plane. This rule applies to both symmetric and anti-symmetric angle-ply stacking sequences. For this reason, cross plies are legitimately represented by the single parameter * .
The relatively small number of fully orthotropic sequences for thin laminates clearly leaves limited scope for composite tailoring, particularly where ply terminations are necessary and fully orthotropic characteristics are a design requirement. This was the key motivation leading to the redevelopment of the definitive list 3 for specially orthotropic angle-ply laminates with up to 21 plies, which is presented in a related article in abridged form 4 . In the derivation of this list for (but not restricted to) standard angle-ply configurations, i.e. ±45, 0 and 90°, the general rule of symmetry is relaxed. Cross-plies, as well as angle-plies, are therefore no longer constrained to be symmetric about the laminate mid-plane, leading to an increase in the number of possible solutions. For 16-ply laminates, there are approximately one million possible stacking sequence combinations, of which 368 comply with the requirements of special orthotropy, increasing to approximately 1 billion combinations for 21 plies, giving rise to a hundred-fold increase in the number of fully orthotropic laminates.
Because of the substantial number of sequences identified in the definitive list, it is beneficial, for design purposes, to express the stiffness properties in terms of lamination parameters, which can be conveniently presented in graphical form, as originally conceived by Fukunaga and Vanderplaats 15 for the purposes of optimum design: the flexural stiffness terms are now fully defined by two linear design variables. Optimized lamination parameters may then be matched against a corresponding set of stacking sequences for a given laminate thickness H (= n × t). These graphical representations of feasible domains are readily extended to other laminate classifications: EILs with π/3 ply separation are reduced to a single line representation, whilst π/3 FILs are represented by a single point.
II. Stacking sequence derivation
In the derivation of the stacking sequences that follow, the general rule of symmetry is relaxed. Cross plies, as well as angle plies, are therefore no longer constrained to be symmetric about the laminate mid-plane. Consequently, the mixing of 0 and 90° plies needs special attention to avoid violation of the rules for special orthotropy, see Eqs. (3) - (4) . There are many non-symmetric forms contained in the definitive list of fully orthotropic laminates for standard angle-ply configurations, e.g. ±45, 0 and 90°, being both extra-ordinary in appearance and seemingly infeasible in terms of the uncoupled behavior that the laminates possess. The great majority of sequences are non-symmetric and many of these are without any sub-sequence patterns, which is contrary to the assumptions on which many previous studies have been based.
Arrangement and form of stacking sequence data
For compatibility with the previously published data, similar symbols have been adopted for defining all stacking sequences that follow. Additional symbols and parameters are necessarily included to differentiate between cross plies (0° and 90°), given that symmetry about the laminate mid-plane is no longer assumed.
The resulting sequences are characterized by sub-sequence symmetries using a double prefix notation, the first character of which relates to the form of the angle-ply sub-sequence and the second character to the cross-ply subsequence. The double prefix contains combinations of the following characters: A to indicate Anti-symmetric form; N for Non-symmetric; and S for Symmetric. Additionally, for cross-ply sub-sequence only, C is used to indicate Cross-symmetric form.
To avoid the trivial solution of a stacking sequence with cross plies only, all sequences have an angle-ply (+) on one outer surface of the laminate. As a result, the other outer surface may have an angle-ply of equal (+) or opposite (−) orientation or a cross ply ( ), which may be either 0 or 90°. A subscript notation, using these three symbols, is employed to deferential between similar forms of sequence.
The form (and number) of FOL stacking sequences contained in the definitive list 3 for up to 21 plies can be summarized as: AC (210), AN (14, 532) , AS (21,906), SC (12) , SN (192) , SS (1,029), + NS + (220), + NS − (296), + NN + (5,498), + NN − (15,188) and + NN = + NN (10, 041) . From these sequence listings, the form (and number) of the subset for fully uncoupled EIL stacking sequences with π/3 isotropy can be summarized as: AS (173), SS (10), + NN + (106), + NN − (208) and + NN = + NN (238), whilst the form (and number) of EIL stacking sequences with π/4 isotropy can be summarized as: AC (12) , AS (72), SC (2), SS (6) and + NN = + NN (6) . Angle-ply QHOLs containing a single cross-ply orientation, i.e. +,− and only, can be summarized as: AS (28), SS (4), + NS + (4), + NN + (8), + NN − (4) and + NN = + NN (16) .
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Development of parameters
As adopted in the published ESDU listings 14 , the new sequences are ordered in terms of ascending numbers of plies, n, or ζ (= n 3 ), which are in turn ordered by ascending value of the bending stiffness parameter for the angle plies (ζ ± ) and finally by one of the two cross-ply sub-sequences (ζ ) within the laminate. Hence, the numbering of sequences for each sub-symmetric form, described in the previous section, may be readily extended for higher numbers of plies. All sequences presented in the current article retain their original FOL reference number.
The calculation of the bending stiffness parameter, ζ ± , is readily demonstrated for the 9-ply fully uncoupled π/3 EIL, designated A382 in the ESDU listings 14 and AS 7 in the definitive list 3 , with stacking sequence [±/ /−/ /+/ /±] T , where the bending stiffness terms,
may be written in sequence order for the 9 individual plies, where z, representing the distance from the laminate mid-plane, is expressed here in terms of the uniform ply thickness t:
Extensionally Isotropic Laminate, or EIL, has n ± /n = 2n /n (or = n /n = n /n) and; a π/3 Fully Isotropic Laminate, or FIL, has n ± /n = 2n /n = ζ ± /ζ = 2ζ /ζ. The set of FOLs with up to 21 plies contains no π/4 FILs.
Validation
The definitive list of FOL stacking sequences, from which the sub-sets of EILs FILs and QHOLs are derived, have been validated against the published ESDU listing 14 , containing symmetric (SS) and anti-symmetric (AS) laminates, together with a limited number of non-symmetric sequences.
The laminates detailed in Refs 7, 8, 10 and 16, which have been algorithmically filtered to provide mathematically and mechanically unique stacking sequences, provide further validation. Applying this filtering to the 18 FILs, with π/3 isotropy, identified as a sub-set of FOLs, which are of the form (and number) + NN + (2), + NN − (8) and + NN (8) , reveals that: only 1 of the 2 + NN + sequences is unique when the order is reversed, see Fig. 1 ; only 4 from the 8 + NN − sequences are unique when the order is reversed and + and − plies are inter-changed, see 3 represent the through the thickness stress distributions for unrestrained fully isotropic laminated plates subject to combined in-plane load N x (= 4.2 N/mm) and bending moment M x (= 10.0 N.mm/mm). Individual stress distribution profiles arising from the application of N x and M x (dashed lines) are illustrated together with the combined stress distribution profile (solid lines). Material properties and constant ply thickness, t, used in the calculation of these stress distributions, are given in the example calculations that follow.
Wu and Avery 5 obtained FILs by varying, or shuffling, the stacking sequences of fully uncoupled EILs in order to produce bending isotropy. Eighty-nine stacking sequences were presented as the symmetric halves of 36-ply laminates with fully isotropic properties, deemed to be the minimum number of plies for π/3 FILs. Limited details of 54-ply sequences for FILs with π/3 isotropy are also provided, together with π/4, π/5 and π/6 isotropy for 48-, 50-and 72-ply sequences, respectively. The symmetry assumption, on which this work is based, precluded the possibility that the listings would contain non-symmetric 18-ply FILs. However, inspection of this list reveals that nine of these stacking sequences represent 18-ply non-symmetric FILs; the nine sequences are reproduced in Table  1 with the original reference numbers and formatting. Each ply number, 1 through 18, appears under the appropriate ply-angle heading, θ 1 , θ 2 or θ 3 in row 1 of Table 1 . Sequences 57, 65, 66, 70 and 78, correspond to the 5 mechanically and mathematically distinct sequences derived independently by Vannucci and Verchery 8 some ten years later, whilst sequence 69 is sequence 65 with the order reversed and with θ 3 , θ 2 and θ 1 in row 1. Similarly, sequences 73, 76 and 77 are, respectively, 66, 57 and 70 with the order reversed and with θ 2 , θ 3 and θ 1 in row 1.
Sequence AC 127, which is discussed in detail in section V, has special significance: It is a QHOL and validates the unique angle-ply laminate containing four ply orientations, i.e. +,−, and , alluded to in Ref. 16 for a 20 ply laminate satisfying Eq. (7), and Eq. (5) when ply orientations satisfy the π/4 condition, but not Eq. (6) . Note that AC 127 and AC 128 are identical when cross-plies are interchanged, with . All other QHOLs with up to 21 plies contain either two or three ply orientations, i.e. +,− or +,− and , respectively.
III. Stacking sequence listings
The following Tables provide summaries of the numbers of fully uncoupled EIL and QHOL stacking sequences with up to 21 plies together with cross-references to the Tables of the full sequence listings and non-dimensional parameters, given in the appendix. Note that percentage values to indicate the relative proportion (n ± /n, n /n and n /n) and relative contribution to bending stiffness (ζ ± /ζ, ζ /ζ and ζ /ζ) of each ply sub-sequences within the laminate have been omitted for reasons of compactness, together with other parameters that are common within a given table. These missing parameters are readily calculated from the expressions provided within the table captions.
American Institute of Aeronautics and Astronautics Table 2 -Number of fully uncoupled π/3 EILs [π/4 EILs] for 7-through 21-ply laminates, corresponding to prefix designations for Anti-symmetric (A), Cross-symmetric (C), Non-symmetric (N) and Symmetric (S) ply subsequences, listed in abridged form in Tables 7 and 8 . Subscripts arranged before and after the prefix designations denote angle (+, −) and cross plies ( ), and correspond to the orientations of the top and bottom plies of the laminate respectively.
Prefix:
Number of plies, n Table 3 -Number of QHOLs containing no cross-ply orientations for 7-through 21-ply laminates, corresponding to prefix designations for Anti-symmetric (A), Non-symmetric (N) and Symmetric (S) ply sub-sequences, listed in Table 9 . Subscripts arranged before and after the prefix designations denote angle (+, −) plies and correspond to the orientations of the top and bottom plies of the laminate respectively.
Number of plies, n Table 10 . Subscripts arranged before and after the prefix designations denote angle (+, −) and cross plies ( ), and correspond to the orientations of the top and bottom plies of the laminate respectively.
Number of plies, n 
IV. Calculation of membrane and bending stiffness terms
The calculation procedure for the elements (A ij and D ij ) of the extensional (A) and bending (D) stiffness matrices, using the dimensionless parameters provided in Tables 7 -10 , are as follows:
The form of Eqs. (15) and (16) was chosen because they are readily modified to account for laminates with extensional and bending anisotropy by replacing n ± /2 × Q′ ij+ with n ± (n + /n ± )Q′ ij+ and n ± /2 × Q′ ij− with n ± (1 − n + /n ± )Q′ ij− , and ζ ± /2 × Q′ ij+ with ζ ± (ζ + /ζ ± ) × Q′ ij+ and ζ ± /2 × Q′ ij− with ζ ± (1 − ζ + /ζ ± ) × Q′ ij− . The use of these modified equation requires the calculation of an additional stiffness parameter, n + and ζ + , relating to the extensional and bending stiffness contribution of positive (θ) angle plies, respectively.
The transformed reduced stiffness terms in Eqs. (15) and (16) 
and the reduced stiffness terms by:
For optimum design of angle-ply laminates, lamination parameters are often preferred, since these allow the stiffness terms to be expressed as linear variables. The optimized lamination parameters may then be matched against a corresponding set of stacking sequences with given laminate thickness H (= n × t). In the context of the parameters presented in the current article, only four of the twelve lamination parameters are required, and these are related through the following expressions:
and
American Institute of Aeronautics and Astronautics where the extensional stiffness parameter n + = (n − =) n ± /2 and bending stiffness parameters ζ + (= ζ − ) = ζ ± /2 for FOLs, QHOLs, EILs and FILs, hence Eqs. (19) and (20) reduce to:
and ξ 9 = {ζ ± cos(2θ ± ) + ζ cos(2θ ) + ζ cos(2θ )}/ζ
Elements of the extensional and bending stiffness matrices are related to the lamination parameters, respectively, by:
where the laminate invariants are given in terms of the reduced stiffnesses of Eq. (18) Tables 7 -10 correspond to 45/-45/0/90°, respectively, or 60/-60/0° for laminates with only one cross-ply orientation, e.g. π/3 EILs. All membrane (extensional) lamination parameters are bounded by the parabola ξ 2 = 2ξ 1 2 -1 with limits -1 ≤ ξ 1 ≤ 1and -1 ≤ ξ 2 ≤ 1; for flexural (bending) lamination parameters, ξ 9 and ξ 10 replace ξ 1 and ξ 2 , respectively. Stacking sequences lying along the broken line drawn between (ξ 1 , ξ 2 ) = (1, 1) and (0, -1) on Fig. 4(a) , contain only 0° and ±45° plies, whereas any sequences lying along the line between (0, -1) and (-1, 1) would consist of ±45 and 90° plies only. Similarly, any stacking sequences corresponding to the points (-1, 1), (0, -1) or (1, 1) , would contain only 90° plies, ±45° plies or 0° plies, respectively. A π/3 EIL with 2n ± = n plies, lies at the ⅓ rd point along the line defining a laminate containing only ±60° and 0° plies, i.e. (ξ 1 , ξ 2 ) = (0, 0). The flexural lamination parameters corresponding to uncoupled π/3 EILs have orthotropic properties which lie along the line defined by (ξ 9 , ξ 10 ) = (1, 1) and (-0.5, -0.5) on Fig. 4(b) , since the three ply orientations +/−/ have been equated to 60/-60/0°. The flexural lamination parameters corresponding to uncoupled π/4 EILs, illustrated on Fig. 4(c) , are contained within the domain defined by the three points corresponding to the 90, ±45 and 0° plies that these sequences contain, cf. Fig. 4(a) .
All π/3 FILs, with 2ζ ± = ζ , correspond to the point (ξ 1 , ξ 2 ) = (ξ 9 , ξ 10 ) = (0, 0). QHOLs correspond to any point satisfying (ξ 1 , ξ 2 ) = (ξ 9 , ξ 10 ) ≠ (0, 0). Degenerative QHOLs therefore result from FILs when the π/3 angle separation is relaxed, e.g. where the three ply orientations +/−/ correspond to 45/-45/0° rather than 60/-60/0°: Such sequences are illustrated by the locus of ⅓ rd points shown by the broken-line parabola on Fig. 4 (a), representing arbitrary angle-ply ±θ. Table 5 , where the first two columns provide the ply number and orientation, respectively. Subsequent columns illustrate the summations, for each ply orientation, of (
)/3, relating to the A, B and D matrices, respectively. The distance from the laminate mid-plane, z, is expressed in term of ply thickness t, which is set to unit value in the non-dimensional expressions. Table 5 -Calculation procedure for the non-dimensional parameters of the ABD relation.
A B D
Ply The non-dimensional parameters arising from the summations of Table 5 are: n + (= A Σ + ) = n ± /2 = 4, n − = 4, n = 6 and n = 6, and ζ + (= 4 × D Σ + ) = 1600, ζ − = 1600, ζ = 2400 and ζ = 2400, where n 3 = 20 3 = ζ = ζ + + ζ − + ζ + ζ = 8000 and ζ ± = ζ + + ζ − = 3200. The B matrix summations confirm that B ij = 0 for this laminate.
For fiber angles θ = ±45°, 0° and 90° in place of symbols ±, and respectively, the transformed reduced stiffnesses are given in Table 6 , which are readily calculated using Eqs. (17). and through Eqs. (15) and (16) 
VI. Conclusions
This article presents the definitive set of stacking sequences for (82) Quasi-Homogeneous Orthotropic Laminates (QHOLs), (973) π/3 and (92) π/4 Extensionally Isotropic Laminates (EILs) and (36) π/3 Fully Isotropic Laminates (FOLs), all of which are sub-sets from a definitive list of (69,506) stacking sequences for Fully Orthotropic Laminates (FOLs) with up to 21 plies. The great majority of sequences are non-symmetric in form and many are without any sub-sequence patterns, e.g. symmetry or repeating groups, which is contrary to the assumptions on which many previous studies have been based.
Standard ply angles (±45°/0°/90° for π/4 isotropy and ±60°/0° for π/3 isotropy) have been assumed in the presentation of the feasible domains of lamination parameters commonly adopted in the optimum design of composite laminates, however the stacking sequences are otherwise generic in the sense that any orientation may be assigned to the angle-ply sub-sequence, and the two cross-ply orientations may be arbitrarily switched. For EIL or FIL properties of course, the choice of these arbitrary ply angles must ensure that π/3 or π/4 ply separation is maintained; the stacking sequences otherwise degenerate into FOLs and QHOLs respectively. The ABD relation has been shown to be readily calculated for any general orthotropic fiber/matrix material using the non-dimensional stiffness parameters provided.
FILs provide an important set of benchmark configurations, which permit like with like comparisons for laminates with other characteristics. Table 7 -Fully uncoupled EILs, with π/3 isotropy, for 7 through 21 ply laminates corresponding to prefix designations: (a) AS for Anti-symmetric (A) angle-plies and Symmetric (S) cross-plies; (b) + NN + for Non-symmetric (N) angle-plies and Non-symmetric (N) cross-plies; (c) + NN − and; (d) + NN . For all sequences, n ± = 2n , n = n ± + n and ζ = n 3 = ζ ± + ζ . Table 8 -Fully uncoupled EILs, with π/4 isotropy, for 7 through 21 ply laminates corresponding to prefix designations: (a) AC for Anti-symmetric (A) angle-plies and Cross-symmetric (C) cross-plies; (b) AS for Antisymmetric (A) angle-plies and Symmetric (S) cross-plies; (c) NN for Non-symmetric (N) angle-plies and Nonsymmetric (N) cross-plies; (d) SC for Symmetric (S) angle-plies and Cross-symmetric (C) cross-plies and; (e) SS for Symmetric (S) angle-plies and Symmetric (S) cross-plies. For all sequences, n ± = 8, n = n = 4, and ζ = n 3 = 4096.
(a) Table 9 -QHOLs with two ply angle orientations for 7 through 21 ply laminates corresponding to prefix designations: (a) AS for Anti-symmetric (A) angle-plies and Symmetric (S) cross-plies; (b) + NS + for Non-symmetric (N) angle-plies and Non-symmetric (N) cross-plies; (c) + NS − and; (d) SS for Symmetric (S) angle-plies and Symmetric (S) cross-plies. For all sequences, n ± = n and ζ = n 3 = ζ ± . Table 10 -QHOLs with three ply angle orientations for 7 through 21 ply laminates corresponding to prefix
